Derivation of the Kalman filter in a Bayesian
filtering perspective

Ramakrishna Gurajala

Visakhapatnam, India
ramagurajala@gmail.com

Praveen B. Choppala

Dept. of E.C.E., Andhra University  Dept. of E.C.E., WISTM, Andhra Univ.
Visakhapatnam, India

praveen.b.choppala@ gmail.com

James Stephen Meka
Dept. of C.S.E., WISTM, Andhra Univ.
Visakhatpatnam, India
jamesstephenm @ gmail.com

Paul D. Teal
School of E.C.S., Victoria Univ. of Wellington
Welington, New Zealand
paul.teal @vuw.ac.nz

Abstract—The Kalman filter is popularly known to be an
optimal recursive implementation of the Bayesian prediction and
correction in the sense that it minimises the estimated error
covariance. The filter has been originally derived in this error
minimising framework and there is extensive literature on the
same. The Kalman filter has also been derived under other
frameworks, like the maximum likelihood approach, etc., which
all converge to the true posterior. In this paper we present a
purely Bayesian filtering approach to the Kalman filter. We first
build an analogy to the principles of Bayesian estimation and then
present a step-by-step derivation for the Kalman filter following
the Bayesian principles. From this derivation, we show that the
Kalman filter gives a tractable solution to the Bayesian filtering
process by computing the underlying probability densities exactly.
This derivation is known to some in the research community but
no formal article in the literature presents it in detail. This paper
fills this gap and will be a good read for Bayesian enthusiasts.
The filter is simulated in the proposed framework on a simple
4-D linear Gaussian model.

Index Terms—Bayesian state estimation, Kalman filter, linear
Gaussian models, prediction, update.

I. INTRODUCTION

The Bayesian state estimation is an important solution to
estimate hidden dynamic target states and is used widely
in radar/sonar tracking applications [1]. The Bayesian state
estimation approach sequentially builds a posterior probability
density function (pdf) of the target state conditioned on all the
sensor observations by predicting a probable target state from
the state transition model and then weighing that prediction
using the sensor observation model [2]. The Kalman filter,
proposed by R.E. Kalman in 1960, is a popular Bayesian fil-
tering approach that provides an analytical solution to estimate
the target state in a way that minimises the error associated
with the estimation [3]. Therefore, the filter is theoretically
optimal for linear Gaussian state space models. Despite the
filter being limited to linear Gaussian models, it continues to
dominate Bayesian state estimation applications inluding the
recent search for the missing aircraft MH370 [4].

There are different and varied mathematical perspectives to the
Kalman filter. The filter can be seen as a least square estimator

and also a minimum variance estimator under Gaussian as-
sumptions that minimises the mean square error (MSE) in the
estimated parameters [5]. The founding principles for Kalman
filtering have been adopted from least squares estimation and
then applied to the problem of sequential estimation [6], [7].
That said, the Kalman filter has been derived from different
perspectives. The filter was first derived using orthogonal
projection method by R.E. Kalman in [8] and was later shown
to be equivalent to the time variant Weiner filter [9], [10]. The
innovations approach to the Kalman filter derivation was first
presented in [11] and thereafter several theoretical implemen-
tations were developed for minimising the distance between
the predicted target state translated to the observation space
and the observation itself by scaling with the Kalman gain.
The Bayesian approach to the innovations based Kalman filter
derivation is recently given in [12]. More recently, the Kalman
filter was derived using the maximum likehood estimation and
Newton optimisation methods but here it requires a carefully
chosen initial guess of the target state [13], [14].

The Kalman filter and its several variants generally used in the
literature provide an optimal recursive implementation of the
prediction and the correction in the sense that it minimises the
estimated error covariance. However a Kalman filter derivation
in a purely Bayesian sense is not readily available as a research
article. This paper fills that gap. In this paper, we present a
purely Bayesian perspective to the Kalman filter and derive it
as an analogous to the Bayesian sequential filter. The rest of
the paper is organised as follows. Section II sets the notation
and gives a detailed derivation to the Bayesian state estimation
process. Section III presents the Bayesian Kalman filter in a
purely Bayesian perspective. This is followed by a simulation
study in section IV and concluding remarks in section V

II. BAYESIAN STATE ESTIMATION

In this section we set the notation for the discrete time
state space model and derive the Bayesian state estimation
methodology [15]. The state of the target at time ¢, denoted as
x; € R% characterises all the dynamics of the target like the



position, velocity, etc. This state evolves in time via a hidden where the predicted pdf is derived as
Markov process defined as
p(xelyr:e-1) = /p(Xt,Xt—l\ylzt—l) dxi—1

(@)

Xt = f(thl,at) (D
= /p(xt|Xt717yl;tfl)P(thﬂyufl) dxi_1

where dy is the dimension of the target state, f(.) is a Markov
. . _ ®)

fun.ctlon the’descrlbe.s how tl.le target heads from t—1totand ) / P(xe|%0 1) (ko1 |yri—1) dxe1 (6)

a; is the noise associated with the target heading. The sensor

observation of the hidden target state, denoted as y; € Réy,

is obtained using the observation model as

where 2 follows from P(A,B) = P(A|B)P(B), Y follows

because from the state transtion density we infer that x; is
yi = h(xs, e;) 2) independent of y;.;—1 given x;—1 as Xy Il y1.4—1|X¢—1.
. . . . The updated pdf is derived as
where d, is the dimension of the observation vector,
h(.) is observation function and e; is the observation p(xely ) (@) P(y1:e|xe)p(xe)
noise. The set of target states and measurements are de- I p(y1:)
noted as xXi.p = {X17X22'--7Xt7 co, X7} apd yir = B (¥, Yie—1]xe)p(xe)
{y1,¥2,---, ¥t ..., yr}. This state space model is pictorially
. . . . p(ye:Y1:e-1)
shown in Fig. 1. The hidden time varying state x; of the system (vi| <) 1x,)p(x2)
at time ¢ can be observed as y; by the observation model. ) PUYelYLe—1, Xt JPAYL:e—1 1% )DAXE
p(yelyr:e-1)p(y1:e-1)

© P(Yely1e—1,%)p(Xe|[y1:0—1)P(Y1:0-1)P(X¢)
BN P(yelyre—1)p(yie—1)p(xe)

_ P(yelyre—1, %) p(Xe|y1:6-1)

B P(Yely1:e—1)
(i) p(yelxe)p(Xely1:e-1) )

) S . . p(yely1:e-1)
Figure 1. Pictorial representation of the conventional state space model. (e)
o p(yelxe)p(Xely1:-1) 8)
The aim of Bayesian state estimation is to estimate the hidden P(B|A)P(A)
. . ] . . (a) ) _
target state over time using all available observations, i.e., where = follows from Bayes’ rule P(A|B) = W,
b c
xg — X1|ly1 — ... — X7_1|lyrr-1 — xrlyrr Q) D follows from P(A,B) = P(A|B)P(B), © follows from

. ) (d)
o ) ) applying the Bayes’ rule on p(y1.t—1|x:), = follows because
In a probabilistic sense, we aim to obtain the pdfs e . .
yvellyr+—1]x: and & follows by neglecting the normalising
p(x0) — p(x1ly1) — ... — p(xr|y1.7) (4) constant. The denominator in @ is the normalising constant

and is given by

That is, at time step ¢, we aim to obtain the posterior pdf
p(x¢ly1) [151, [16]. p(yelyre—1) = /p(Yt\Xt)p(Xt|Y1:t—1)dXt 9)
Defn. I1.1: Bayesian filtering

In summary, if the posterior pdf at time ¢ — 1 is known as
p(x¢—1]y1.t—1) then the posterior pdf at time ¢ is obtained by

Lemma: If the pdf at time ¢t — 1, p(x;_1|y+.—1) is substituting (6) and (9) in (7) as

available, then the pdf at time ¢ is given by
_ p(yelxe) [ p(xelxe—1)p(xe—1]y1e—1) dXe—1

Xe|y1:) =
p(xe|y1:e) o< p(ye|xe) /P(Xt|xt—1)p(xt—1|y1:t—1) dxi—1 p(xalyr) S p(yelxe)p(xe|y1e—1)dx
(10)
Proof: In a Bayesian sense, the state space estimation (also — plyelxe) [ pOeelxi—1)p(Xe-1lyr:e-1) dxi
called filtering) is two-fold, (a) prediction, and (b) update. If fx,,,xt_1 P(ye|xe)p(Xe[xe—1)p(Xe—1]y1:6-1) d(Xg,X¢-1)
p(x¢—1|y1.t—1) is available, then this two-fold estimation is arn
described as
o p(yelxe) [ p(xe|xe—1)p(xe—1|y1:e-1) dxe—1
p(Xi-1ly1e-1) — p(Xelyri-1) — p(x¢|y1:e) (12)
| S — | —— ~—
posterior at time ¢t — 1 prediction at time ¢ updated posterior at time ¢ The equation (12) which summarises the principle of Bayesian

o) state estimation implies that to move from ¢ — 1 to ¢, we



predict a hypothetical target state x; at time ¢ using the state
transition pdf p(x:|x:—1) and then integrate out the previous
target state x;_1. Once the prediction is available, the belief
that the predicted hypothesis is close to the actual target state
is then computed by the measurement pdf p(y:|x;), and any
correction in the hypothesis, if required, is applied therein.
This sequential two-fold estimation forms the basis for the
Bayesian filtering process.

Once the updated pdf is available, the hidden target state can
be estimated using the well known expected a posteriori (EAP)
[2] as

’A(?AP = E(P(thﬁzt)) = /ti(xt\YLt)dXt (13)

or the maximum a posteriori (MAP) as

SMAP

X, = arg max, p(X¢|yi1:t) (14)

In the next section, we present the derivation for the Kalman
filter in the Bayesian recursion set up described in this section.

III. THE KALMAN FILTER

The Kalman filter, which is by far the most popular
Bayesian estimation method, operates by assuming that the
pdfs are Gaussian in nature and the underlying state space
model is linear (or closely linear) [3], [16]. The filter is
originally derived as a minimum mean square error estimator
that minimises the distance between the predicted hypothesis
and the measurement via a scaling parameter called the
Kalman gain. This derivation is the most studied approach
in the literature. In this section, we present a Kalman filter
derivation that is purely Bayesian is its framework.

Consider a linear Gausian state space model described as

(15)
(16)

x; = f(x—1,a¢) = Fx4_1 + Gay
ye = h(xi,e) = Hx; + ¢

where in (15), F is the state transition matrix, G is the control
matrix and the state transition noise a; ~ N(0,Q) is zero
mean white Gaussian with covariance Q. In (16), H is the
matrix that translates the target from the state space to the
observation space and the observation noise e; ~ N (0, R) is
zero mean Gaussian with covariance R. The noise vectors are
assumed to be independent and identically distributed (i.i.d).

In the Kalman filter, the posterior pdfs in the Bayesian scheme
in (5) are Gaussians and are denoted as [16]

p(xe—1]y1i-1) = N(Exe—1ly1:e-1), V(xe—1|y1:t-1))

= N(&(t—1]t—1),S(t—1t—1)) 17
p(xelyre—1) = N(EXe|y1-1), V(x¢|y1:6-1))
= N(x(t|t —1),S(t]t — 1)) (18)
p(Xelyr:e) = N(E(xt|y}:t),V(xt|y1;t))
= N(x(t[t),S(t]t)) (19)

where (17), (18) and (19) are our notations for the means and
variances of the Gaussians. The Kalman filter hence can be

treated as a sequential estimator that propagates the means and
the covariances of the pdfs over time. That is, if the posterior
at t — 1 is known meaning that the expectation X(t — 1|t — 1)
and the covariance S(t — 1|t — 1) estimates are known, then
it is enough to compute the predicted and updated means and
covariances.

Defn. II1.1: Kalman filter prediction

Lemma: If at time ¢ — 1 the covariance S(t — 1|t — 1)

and expectation x(t — 1|t — 1) are known, then the

predicted covariance and expectation are given by
S(tlt—1)=FS(t -1/t —1)F' + GQG"
X(tt—1)=Fx(t - 1]t —1)

Proof: The predicted expectation is derived as follows,

x(tt — 1) = E (x¢|y1:0-1)
=E((Fx;—1 + Gay)|y1:4-1)

(a)
ZE(Fxi1]y1s-1) + E(Gayly14-1)

b
Orp (xt—1]y1:6-1) + G E (ag]y1:4-1)

YDri(t -1t —1)+ G E(ay)

(4

ZFx(t— 1t —1) (20)

where W and © follows from the linearity property of

expectation E(nd + mB) = nE(A) + mE(B), 9 follows
because a; is independent and @ follows because E(a;) = 0.
Then the predicted covariance is derived according to
S(tt — 1) = V (x[y1:1-1)

=V ((Fxi—1 + Gay)|y1:t—1)

@y (Fx¢—1|y1—1) + V(Gag|y1:t-1)

b
g V(% 1|y1e-1) FT + G V(ayrs 1) GT

YWpSit -1t —1)FT + GV (a) GT

(4)

ZFS(t—1/t—1)F" + GQG" (21)

where @ follows from the linearity property of the variance
V(A + B) = V(A) + V(B), © follows from the scaling
property of variance V(mA) = m2V(A4), © follows because

a; is independent and D follows because Via) = Q.

Defn. II1.2: Kalman filter update

Lemma: 1f at time ¢ the predicted covariance S(t[t—1)
and expectation X (¢|t — 1) are known, then the updated
covariance and expectation are given by

S(tlt) = (H'"RT'H+ S(t|t —1)~1)7?
x(t[t) = S(t|t) H Ry, + S(t|t — 1) "'x(t]t — 1))




Proof: The update step follows from (8) and can be ex- Similarly the predicted pdf in (23) can be expanded as
pressed as

P(X¢|y1:e-1)

= N(%(t]t = 1), S(t|t — 1))
— exp< - ;((xt —x(tlt — 1) TS|t —1)7!

(x¢ — %(t]t — 1)))

1/ +a4
=exp| — = x,/S({|t—1) "'xy —x TS|t —1
P(Xe|y1:e) o< p(yelxes)p(Xe|yi:e-1) (22) < 2< ¢ Sl ) =% S(Y "

— N(Hx,, RN (x(t|t — 1),8(t|t —1)) (23) (tt — 1) = %(tft — 1) TS(t}t — 1)~
+x(tt — 1) TSt — 1) x (¢t — 1)))
= exp( - ;(ij(ﬂt 1) 'x, —x, S(tjt— 1)1
x(tt —1) — %, S(t|t — 1) % (t|t — 1)

+%(t]t — 1) TS(t|t — 1) % (¢t — 1)))
=exp( — L x; S(t|t — 1) 'xy — 2%, S(t[t — 1) !
The measurement density in (23) can be expanded as 2\t ! ¢

R(tlt — 1) — %(tlt — 1) TSt — 1) % (¢t — 1)))

1 N
:exp(—2 x; S(t|t — 1) 'x, — 2%, S(t[t — 1) !

X(t|t—1) + c))

(25)
p(yefxe) By substituting (24) and (25) in (23) we obtain
:N(HXt,R)
1
= exp <_2(}’t —Hx,) "R (y; — HXt)) P(xe|yi:t)
1
1 B B = exp( — (xTHTR_lHXt —2x/H R 'y, + c)) X
:eXP(—2(YtTR 'ye—x{H'R 'y, —y/ R 2\ '
1 5 _ 5 —1a
Hx, +XtTHTR1HXt>> exp( — 2(ij(t|t — 1) hxy — 2% S(tft — 1) Ik (¢t — 1) + c))
1 X
1 = ——(x](H RTTH+S@tt—1)""
—eXP(—2(ytTR1Yt—Xt H'R 'y, - X [HT exp( 2(Xt ( 8 ) )Xt

—2x/ (H'R ™y, + S(tt — 1) '%(t[t — 1
Ry, +x H R 1Hx>> x; ye + S(t] )7 X(t] ) +e
(26)
1
— exp( - Q(X,?HTRlet 2x, H' Ry,
Note that the constant terms in (25) and (26) that does not
+y: R Yt>) include the x; term are grouped as some constant c. The whole
1 idea of expanding the exponentials in (23) and rearranging the
= exp( — (x:HTRlet —2x/H'R 'y, + c)) terms as in (24) and (25) to arrive at (26) is to express as a
2 Gaussian pdf in terms of the random variable x;. By this, we
24 can then compare with the expanded version of the updated



pdf as

p(x¢ly1:)

= N (x(t[t), S(¢]t)

ocexp( — 5{0x = X(10) TS0 x — x(01) )
x exp( — %(xZS(ﬂt) x; — x; S(t[t) 7 %k (t]t)

— % (t[t) TS(t[t) T + i(t|t)T§(tt)_1§c(t|t))>
scexp( — 5T 8(10) e~ xTS(t0) (1

—x/ S(t|) " x(t]t) + &(tt)TS(tlt)‘lﬁ(tlt))>
x exp( - %(xt S(tt) " 'xe — 2%, S(¢[t) "% (t]t)

+X(t|t)TS(t|t)_lk(tt))>

o exp( — %(xjg(tﬁ)_lxt —2x] S(t|t) " % (t]t) + c))
27

By comparing (26) and (27) we observe that the coefficient of
x, (.)x; is the inverse of the covariance. Therefore the updated
covariance is

S(t[t) =

We also observe that the coefficient of —2x, (.) is the product
of the precision matrix (inverse of the covariance) and the
mean. Therefore the updated mean can be written as

x(t|t) = S(t|t)(H Ry, 4+ S|t — 1)~

The Kalman filter, thus derived is the optimal Bayesian esti-
mator for linear Gaussian hidden state space models because
it gives a tractable solution to computing the pdfs.

H'R'H+S(t)t—1)"1)! (28)

()t — 1)) (29)

IV. A SIMPLE SIMULATION EXAMPLE

In this section we present a simple 4-D simulation ex-
ample of the Kalman filter. The target state is defined as
Xt = (T4, Y1, Vz,,0y,) € R where the first two entries
are the x — y positions of the target and the next are the
corresponding velocities. The target moves in the x — y plane
via constant velocity (CV) motion model given by

1 0 At 0 At2/2 0

01 0 At 0 At?)2
XX=1p 0 1 o|XtT| A 0 |2

00 0 1 0 At

Here At is the interval between two observations and a; ~
N(0,Q). The observation model is

_[rooo
Ye=19 1 0 o|/ T

where the observation noise is e; ~ A (0, R).

The Figure 2 shows the Kalman filter estimate for a 7' = 100
time step run and it can be observed that the filter locks the
target fairly early and tracks it with good accuracy.
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Figure 2. The demonstation of the Kalman filter for the linear Gaussian
model.

A measure to test the Kalman filter is to verify if the
estimated covariance converges. Figure 3 shows the estimated
covariances for the position and velocity components and it
can be observed that they indeed converge and thus indicating
that the filter has converged to the true posterior.

Figure 3. The left panel shows the covariance estimates a% 1,0% o corre-
sponding to the position components. The left panel shows the covariance
estimates 032, 35 O’Z 4 corresponding to the velocity components.

V. CONCLUSION

In this paper, we derived the popular Kalman filter in a
purely Bayesian perspective. The common dervations available
in the literature to date are more focussed on presenting the
Kalman filter as a MSE minimising filter. In this paper, we
show the analogy of the Bayesian filter with the Kalman filter
and present a detailed derivation for the latter. This derivation
is not formally available as an article. Hence it can be regarded
that this paper will be a good reading to obtain a deep Bayesian
view of the Kalman filter. We also presented the MATLAB
implementation and the simulation results for a simple 4-D
linear Gaussian example.
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